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EFFECT OF PULSED LOAD FORM ON RETAINED
DEFLECTIONS OF RIGIDLY-PLASTIC PLATES
OF A COMPLEX SHAPE

Yu. V. Nemirovskii and T. P. Romanova UDC 539.3

Plates with a complex shape are used extensively in structures subject to intense pulsed loads. In order to predict the
degree of plate damage under the action of dynamic loading it is important to know the effect of the nature of change in load
with time on finite displacements.

All known solutions of this problem only concern rigidly-plastic round freely-supported plates [1-4]. It is concluded
in [1, 4] that there is an insignificant dependent of retained plate deflection on the form of pulsed load although this is done
on the basis of partial calculations with limited changes in values of operating loads. In [2, 3] after considering the whole
possible range of loads it is concluded that the form of load may have a marked effect in retained deflections for round hinged
plates.

In this work simple analytical expressions are obtained on the basis of results in [5, 6] for maximum retained deflection
of a rigidly-plastic plate with a complex shape. The effect of load pulse form on plate retained deflection is studied. A simple
procedure is suggested which makes it possible to evaluate the damage for complex shaped plates under the action of an
arbitrary dynamic load of high intensity. We consider an ideally rigidly-plastic plate under the action of a uniformly distributed
arbitrary dynamic short-term load of intensity P(¢) distributed over the surface. In shape this may be a regular polygonal plate,
a round plate, a regular polygonal plate with rounded tips or a plate obtained from the latter by changing the mutual position
of the rounded and rectilinear sections of the shape, and also an irregular polygonal plate on whose shape it is possible to
inscribe a circle (Fig. 1). We assume the contour of the plate is hinged or restrained. All of these plates have similar dynamic
behavior which has been considered in detail in [5, 6]. With quite a high level of loads plate dynamics may be accompanied
by the occurrence, development, and disappearance of zones of intense plastic deformation /, moving progressively. The
equations which describe the dynamic behavior of such a plate have the form {35, 6]

83(4 — 36)a = 2py(7) 6%(3 — 26) — mo; 1

(6a) = pa(7), @

where p; = P/r; r is the radius of a circle drawn on the polygonal contour or the radius of a round plate; a period means
differentiation with respect to dimensionless time 7 = t/ty; #, is characteristic time; my = 12 M, rf,(z — n)/(pr3) for regular

polygonal, round, and irregular plates on whose contour it is possible to draw a circle; my = 12 M, tg(ctgcp + )2 — n)/[ctge
+ Y/sin?p)pr] for polygonal plates with rounded tips; p is plate material surface density; M, is the limiting bending moment;
n = 0 with a restrained contour; » ="1 with hinging; « is the angle of deviation for a rigid region I from the horizontal; &
= §(7) is a dimensionless parameter which characterizes the size of the central plastic region Ip (Fig. 1, where |40| =r,
|AD| = 6r, LOBA = ¢, LBOC =y, L OAB = 90°).

Deflection W at the center of a circle drawn on a polygonal contour (point O, Fig. 1) is determined from the
relationship

W=68a (w=Wr) ©)
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Initial conditions for « and'w are as follows:
a(0) = &(0) = w(0) = w(0) = 0. C))

In order to determine the limiting static load & = 0 should be adopted in Eq. (1). Then the limiting load is determined
from the condition

o _ . .
P = minpy = min mo/[26%(3 ~ 26)] = mo/2. ®)
Here the plastic zone , degenerates to point O.
Let us in a section of time 0 < 7 < 7; (first phase) have py(7) < p‘l) (low loads), then in this period of time the plate
retains an undeformed state and it remains at rest.

We determine the state of a plate at the instant of the start of its movement. By integrating (2) taking account of the
notation &(t) = by, a(ry) = oy, 8(ry) = &, we find that

bé = Jk(T) + by, Jip= /pl(s) ds, k=0,1,2,...,
Tk

where 7, is the time at which the plastic zone I, exists in an undegenerated form. By using this equality and excluding & from
(1) and (2) we obtain

[6%(2 — 6)(Jk + Sx)] = mo = 2},
whence
8%(2 - 6) = [2p(r — ™) + &R(2 — S)én)(Ji + Srue) (6)

From (6) it follows that with k = 1
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lim 62(2 — 6) = 62(2 - 61) = 2}/ pr(m).
1'—»1‘1

Whence it can be seen that 6; < 1 with py(r}) > 2p(1) and §; = 1 with p;(1)) < 2p‘1). This means that if the load is such that
p(r) > 2p(1) ("high" load) then plate movement commences with a developed plastic zone ] b and it will be described by system
(1)-(3) with initial conditions 6 = §; and (4).

With load py < pi(ry) = 2p(1) (since in a sense & cannot exceed values equal to one) it may be assumed that plate
movement commences with absence of a plastic zone and it will be described by Eq. (1) with 6 = 1.

We consider in detail plate movement under the action of a load an "impact” type increasing from zero and then falling.
In this case in the second phase (r; < 7 < 7,) with consideration of initial conditions «(7y) = &(r;) = 0, 6 = 1 we have

a(r) = 2Ji(1) = 2% — 1), a(r) = 2¥%3(r) - p2(r - m)?,
w(T) = a(T)’ w(T) = a(T),

O

where Y,(r) = I J(s)ds (k = 1,2, ...).

T

We determine the end of this phase corresponding to the start of forming zone ,. From (6) with k = 2, 5, = 1we
find that

. 209(J. +6q) - [2 0 _ +a
68(4-30)= p1(J2 + d2) (321:}2;);2) o] pr(r)

whence it follows that with p\(7,) = 2p(1) the equality §(r,) = O is fulfilled and with p,(7) > 2p(1) and 8(7) < 1 the inequality
§() < 0 is correct. Since § < 1, then & starts to decrease whlch corresponds to an increase in zone I, at instant of time 7,
satisfying the condition 7, satisfying the condition p;(7;) = 2p1 With 7 = 7,

. a(rp) = 2J1(3) - 2p?(r2 ~7), a(r)=2Yi(r)- p(l)(rg -n)?,
w(ry) = a(r), w(r2) = a(r,).

®

During the third phase (r, < 7 < 7;) movement occurs with a developed plastic zone 1, which may increase reaching
its maximum size, and then it starts to contract to complete disappearance. Movement is described by set (1)-(3) with initial
conditions 6(rp) = 1, &) = &y, ary) = ay, W(ry) = Wy, W(y) = Wwy.

As a result of this we obtain

&(r)=6ag + Jo(r)],  alr) = / (&2 + Ja(s)]671ds + az,
2 )]
8§22 - 8) = (2937 — 1) + Go)(J2 + é2) 7T,
w(r) =g+ Jo(1),  w(T) = war — 1) + Yo(r) + wa.

It can be seen from (9) that with 7 > 7, and G(r) < 0, where
G(7) = 20(Va(7) + o] = [20%(7 — 72) + Gl pa(7),
we have §(r) < 0, and consequently plastic zone Ip increases, but with G(r) > 0 then Ip decreases and at instant 7,, > 7,,

when G(7,,,) = 0, the plastic region reaches its maximum size.

At instant 75 there is contraction of zone Ip to point 0 when 6(r3) = 1. Then time 73 in accordance with (9) is
determined from the condition
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Jg(?‘;;) = 2p2(1’3 - Tg). (10)

At the end of the third movement phase

3
&(m3) = @2+ Ja(13), () = /[dz + Jo(1))67(r) dT + 0.
2

For the deflection at point O considering (8) and (10) and the relationship

Yi(r) = ] (jm(s) ds) dd = rJi (1) - /Tspl(s) ds,
Tk

Tk Tk

we have
w(T3) = w2 + Jo(m3) = Ji(72) + Ja(73) — 293(T2 ~ T1),

™ 3
w(rs) = wy + wy(T3—T12) + Ya(73) = — /31’1(3) ds—-/spl(s) ds_P?(ﬁ "7'1)2+

Tl 71

+2r3J3(r2) + T da(73) + Ja(13)[Ja(m2) + Ja(73)}/(2pY)-

The fourth phase (r; < 7 < 74) occurs with degeneration of zone [, to complete stopping of the plate. Movement is
described by set (1)-(3) with § = 1. As a result of this we obtain

&(t) = a3 + 2J3(1) - 283(7 — 73),

a(r) = ag + 2Y3(r) - pi( — 13)° + da(7 — 73),

(1) = 3 + 2Ja(7) — 2p3(7 - 73),

w(r) = w3 + 2¥s(r) - pi( = 75)* + (7 — 7).
From the condition é&(74) = O the time for stopping is determined 74, = 7; + 11(14)/p(1) {/1(74) is the total load pulse]. It can
be seen that the time for cessation of movement does not depend on the form of the loading function and it is determined by

its total pulse.
Retained deflection at point O

‘ 74 3
wy = w(ry) = Jf(r,;)/pg - Jg(ra)/(4p‘1’)—2/("' —n)p(r)dr + /(T - mg);(7) dr an
m ™

and in the case of a hinged round plate it conforms with the deflection obtained in [3].
For "moderate" loads p? <pn = 2p(1) time 7, corresponds to the instant of plate stopping and movement is described
by Eq. (7). Time 7,, determined from the condition a(r,) = 0, satisfies the relationship

=7+ Ji(r2)/p}

and as can be seen it does not depend on pulse form. Retained deflection at point O

2
wy = w(rs) = F(m)/p} - 2 [ (7 - m)pu(r) dr 12
4
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and for a hinged round plate it conforms with the result in [3]. o
In the case of a rectangular pulse of "moderate” load p; = const, p; < p; < 2p(1) with 0 < 7 < 7, the retained
deflection of point O

wy = [p3(1 - pY/p1)/PY 172,

With a dynamic load of high intensity arising instantaneously at the initial instant and then decreasing ("explosive” type)
p1(0) > Zp? the plastic zone /, forms and it has the maximum size at the initial instant. Here within the structure described
above the solution for the first and second phase of movement is discarded, it is assumed that 7; = 75, &(7y) = o7y) = W(7y)
= w(ry) = 0 and the initial value §; = &(r,) is determined from the equality

8§3(2 - &) = 2p}/p1(71),

obtained from (6) with the limited transition 7 - 7; with k¥ = 1. The retained deflection at point O

T4
wy =37/(4) +J = [ (), (13)
Ti

Tl

where J = I pi(7)d7 is the total load pulse.

In the case of an arbitrary dynamic short-term load with very high amplitude it is possible to ignore action of the load
in time intervals 7; < 7 < 7, and 73 < 7 < 74, then it may be assumed that

74

T3
nan, Bt [ [ -npr,
T2

m

and the maximum retained deflection (11) is also determined approximately by Eq. (13).
For a rectangular pulse of high load p; = const, p; > 2p; within the whole time of pulse operation 5(7) = dp, and
instant 7, corresponds to the instant of load removal 7. Here the maximum retained deflection

wy = [p}(1,5 - pY/p1)/(269) 2.

We consider expression (13) for the maximum retained deflection in detail. We shall assume that 7; = 0 and the load
is removed at instant 7 = T. Then

wy =372 /(4p0) - J". 1)
T T
Here J = ]’ P;(7)dr is the total pulse; J* = j 7p (7)dr.
0 0

We can see that the maximum retained deflection depends not only on the total pulse J, but also on J*. This dependence
for maximum retained deflection on J and J* for round hinged plates was noted in [3].

Thus, if the different forms of pulse are such that they have the same integral characteristics J and J*, then the plates
of complex shape in question after action on them of such pulsed loads have the same maximum deflections calculated by Eq.
(14). In addition, calculations in a computer showed that the retained deflections will conform for all points of a plate.
Deflections at all points of a plate w(x, y, 7) are calculated by the equations

w(z,y,7) = w(r), (z,y) eI,
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,
B(z,y,7) = d(z,y)r" / &(s)ds+®(ra), (z,9) €I, n=0,1,2,...,
Tk
where d(x, y) is the distance from point (x, y) to the supported side of region / (Fig. 1). In region K for a plate with rounded
tips the deflection over line EF equals the deflection over LB of region I (Fig. 1).

Given in Fig. 2 is the retained deflection of a square hinged plate with different forms of load function which have the
1 1

same integral characteristics J = 18, J* = 9 (J = (r*/Mp) J P(rtg)dr, J* = (r*IMy) j 7P(1p)d7) and corresponding to lines
0 0

1-5 in Fig. 3:

2
1) }%‘;P(Tto)z{ 108” 0<rgl,

T>1
r? 24(1-27/3), 0711,
2) JTJSP(”") - { 0, r>1;
1'2 Pmse—f/T3, 0 < T < T37
3 g )= { 0, > Ts,

Proaxs = 36e(e-2)/(e~1)*~ 238, T3=(e—1)/[2(e—2)]~1,2;
2 Praxa —12)7/T4 +12, 0<7< Ty,
4) ’_P(rto)={("‘“‘ y/Ta TS
M, 0, > Ty,
Praxs = 12(1 + V2) ~ 28,97, Ty =3/(2+ V2) ~ 0,879;
12(~-3724+374+1), 0<7<1,

5) T Plrty)
— P(1l) =
My ¢ { 0, > 1.

In the case of a moderate load expression (12) for the maximum retained deflection (if it is assumed that r; = 0 and
T is the time of load removal) takes the form

wy = J*/p1 - 27" a3

For a load of any form it is always possible to select a load equivalent to it witha rectangular pulse so that retained
deflections at all points of a plate after the action of these loads coincide. Here the amplitude of a rectangular pulse p; =
J2/(27"), and the time of load operation T = 2J"/J. The maximum retained deflections will be calculated by Eq. (14) for a high
load and by Eq. (15) for a moderate load.

It follows from Eq. (14) that with a condition of a constant overall pulse J we obtain the greatest retained deflection
for a load of an ideal pulse when the load is described by the Dirichlet function:

im py(7) =

400, 7=0,
T-+0

T
ih _lim /plrd1'=J.
0o, r#0 = T—o) )

In fact, in this case for J* we have

T T
0SJ‘=/‘rpl(r)drST/m(r)d‘r:TJT-:OO, J*=0.
0 0

Then from (14) we obtain
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Fig. 2 Fig. 3
a2 0
wy = 3J%/(4p9). (16)

With a pulsed load for hinged round and square plates Eq. (16) conforms with the results obtained in [9, 10].
We show that for an arbitrary dynamic load and a constant total pulse J there is no direct dependence of retained
deflection on maximum load. We consider two functions with the same J and maximum loads p; .., (lines g and b in Fig. 4):

1) Pla(‘r)={ Pimax = T(Prmax — pi7)/T, 07T,
0, t>T,
nr = pa(T) > 2P(1), Plmax = P1a(0) > 20%;
nr+r(p - n71)/T, 0<T<T,
2) plb(T) ={ ( 1max — D1 )/
0, T>T.

Then

J: B 'rpla(‘r) dr = (plmax + 2P1T)T2/6,

——n

0
T

I = / rp16(r) 47 = (2P1max + P17)T?/6,
0

and since P17 < Py max then J; < J;, and consequently in view of (14) the retained deflection in case 1 will be greater than
in case 2.

In [11] for a hinged beam, a hinged round plate, and a round cylindrical shell secured by rigid ends loaded by
uniformly distributed external pressure varying with time, a procedure is suggested for estimating the level of structural damage
for different forms of load pulse based on a siﬁgle characteristic curve for parameters (pe/p(l), JIJy) (Fig. 5):

6(7/J0)*(1 - pi/pe)/5=1, 1<P/PR<2, an
(J1Jo'(1 - 4pY/ (5PN = 1, pe/pl > 2.

Here p(l) is the limiting load for the structure in question; p, is the effective force calculated by the equation
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o 1 2 3 pe/'p“’
Fig. 4 Fig. §
Ji - 18
=J? [2/(r - 10)p1(7) dr] ; as
0
J is total load pulse:
T
J= / pi(r)dr; (19)
o

7 and 7y are the time for the start and finish of structural deformation; J, is an ideal pulse after whose action on the structure
it acquires the critical maximum deflection w, of interest to us.

In order to determine whether the structure reaches the critical maxunum deflection w, after action on it of an arbitrary
load it is necessary to calculate the values p,, pl, J, and Jy. If a point (pe/pl, JIJy) lies below the characteristic curve, then
the maximum retained deflection will be less than the critical w,.

Since expression for maximum retained deflection of the plate in question with a complex shape (11) and (12) under
the action of an arbitrary dynamic load conform with expressions for retained deflection of the center of a round plate, then
it is possible to expand the class of structures for which single characteristic curve (17) is constructed.

Thus, in order to estimate whether the maximum retained deflection wy is reached for the plate in question with a
complex shape the critical prescribed value w, as a result of the action of dynamic load p;(7) it is necessary with respect to
w, to determine the ideal puise Jy by Eq. (16) causing this deﬂectlon Then we calculate the total pulse of the operating load
by (19) and the effective force p, by Eq. (18). If a point (Pe/Pp J1Jp) lies below the characteristic curve (Fig. 5), then retained
deflection wy will be less than the critical w,.

This method for preliminary estimation of the level of damage for structures may be used successfully for a broad class
of engineering calculations.
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